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Flexibility analysis is of prime importance in chemical process systems, since it per-
mits the creation of chemical processes, which can satisfy all design specifications in
spite of changes in internal and external factors during the operation stage. The modern
foundations of flexibility analysis were de®eloped in the 1980s by Grossman and
coworkers. They formulated solution approaches for the main problems of flexibility

( )analysis feasibility test , flexibility index, and the two-stage optimization problem. All
the formulations are based on the supposition that during the operation stage there are
enough experimental data to accurately determine uncertain parameter ®alues, but in
practice, these assumptions are not likely to be met. This article discusses extensions of

( )the feasibility test and the two-stage optimization problem TSOP , which take into
account the possibility of accurately estimating some of the uncertain parameters while
estimating with less accuracy the remaining uncertain parameters. To sol®e the TSOP,
the split and bound approach was de®eloped based on a partitioning of the uncertainty
region and estimation of bounds on the performance objecti®e function. Three computa-

(tional experiments show the importance of taking into account the possibility or lack
)thereof of obtaining ®alues of greater accuracy for uncertain parameters at the opera-

tion stage.

Introduction

Design specifications usually have to be met during the
Ž .design and synthesis of chemical processes CP . However,

the satisfaction of such design specifications is complicated
by the presence of uncertainty in the process model parame-
ters. The issue then is how could one guarantee satisfaction
of all design specifications at the operation stage? Flexibility
analysis addresses this problem. The first articles in flexibility

Žanalysis appeared in the 1970s Takamatsu et al., 1973;
.Grossmann and Sargent, 1978; Johns et al., 1978 . However,

foundations of the modern theory of flexibility analysis were
Žlaid in the 1980s Halemane and Grossmann, 1983; Swaney

.and Grossmann; 1985; Grossmann and Floudas, 1987 . For-
Žmulations of the feasibility test and the flexibility index all

.subproblems of flexibility analysis , and the two-step opti-
mization problem were given in these articles. In addition,
some solution approaches were suggested.

Correspondence concerning this article should be addressed to L. E. K. Achenie.

Ž .The feasibility test Halemane and Grossmann, 1983 is de-
fined as

� d F0 1Ž . Ž .1

Ž .such that the feasibility function � d is given by1

� d s max min max g d , z , � Js 1, . . . , m . 2Ž . Ž . Ž . Ž .1 j
� gT zg Z jg J

Here d is a vector of design variables, z is a vector of control
variables, and T is the region for the uncertain parameters
such that

� L U 4Ts � :� F� F� . 3Ž .

The reduced process constraints

g d , z , t F0, js1, . . . , m 4Ž . Ž .j
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are obtained from the original mathematical models

h d , x , z , � s0 5Ž . Ž .

g d , x , z , � F0, 6Ž . Ž .

where x is a vector of state variables, z is a vector of control
variables, and � is a vector of uncertain variables. Equation 5

Ždescribes the state of the CP i.e., material and energy bal-
.ances , while the inequalities in Eq. 6 are design specifica-

tions. Here, dim hsdim x and x can be obtained from Eq.
5, either analytically or numerically using fixed values of the
variables d, z, � . Thus

xs x d , z , � , 7Ž . Ž .

leading to the reduced process constraints

w xg d , z , � � g d , x d , z , � , z , � . 8Ž . Ž . Ž .

Ž .The feasibility test Eq. 1 is a necessary and sufficient condi-
tion for flexibility of the CP if and only if the global solution

Ž . Ž .of problem Eq. 2 is obtained. Floudas et al. 2001 suggest
an approach for obtaining the global solution of the problem.

With the preceding definitions, the two-stage optimization
Ž . Žproblem designated here as TSOP1 is given as Halemane

.and Grossmann, 1983

f s min E f � d ,� s min f � d , � � � d� ,� 4Ž . Ž . Ž .H1 T
dg D dg D T

� d F0, 9Ž . Ž .1

� 4where E . . . is the mathematical expectation over the re-T
Ž . �Ž .gion T , � � is the probability density function, and f d, �

is obtained from

f � d ,� s min f d , z , �Ž . Ž .
zg Z

g d , z , � F0, js1, . . . , m. 10Ž . Ž .j

Solving the preceding problem permits determination of
optimal values of design margins guaranteeing satisfaction of
all design specifications during the operation stage. The dis-

Žcrete variant of the problem is obtained by discretizing Hale-
.mane and Grossmann, 1983 as follows

f s min w f d , z i , � i 11Ž . Ž .Ý1 i
iz , dg D i� I1

g d , z i , � i F0, ig IŽ .j 1

� d F0, 12Ž . Ž .1

where w is a weight coefficient, � i is an approximation point,i
z i is a vector of control variables associated with the point � i,
and I is a set of indices associated with the approximationi
points. The discrete variant can be used even in the case when
probability distribution functions are unknown. In this case,
the approximation points, � i, and weight coefficient, w , arei
given from engineering considerations.

Note that

� d s max � Ž1. d ,� , 13Ž . Ž . Ž .1
� gT

where

� Ž1. d ,� smin max g d , z , � . 14Ž . Ž . Ž .j
z jg J

The following methods for solving the main problems of flexi-
bility analysis have been developed.
Ž . Ž .1 The feasibility test and flexibility index evaluation :

Ž .Methods for these can broadly be classified under a explicit
Žand implicit enumeration methods Halemane and Gross-

. Ž .mann, 1985; Swaney and Grossmann, 1985 , and b active
Ž . Žconstraints set ACS methods Grossmann and Floudas,

.1987 .
Ž . Ž .2 TSOP1 evaluation: Methods for TSOP1 are a those

Žbased on the outer approximation algorithm Reemtsen and
. ŽGorner, 1998 using an explicit enumeration method Hale-

.mane and Grossmann, 1983 for evaluating the feasibility
Ž .function, and b the solution of the retrofit design problem

Žusing the active constraints set method Pistikopoulos and
.Grossmann, 1989 .

ŽA number of flexibility analysis methods Pistikopoulos and
Ierapetritiou, 1995; Ostrovsky et al., 1994, 1997; Paules and
Floudas, 1992; Bernardo et al., 1999; Raspanti, 2000; Straub
and Grossman, 1995; Ahmad et al., 2000; Biegler et al., 1997;
were since developed. These approaches took into account
uncertainty at the design stage, but not at the operation stage,
since they used the implicit assumption that at the operation
stage, uncertain parameter values could be determined ex-
actly.

There is a principal difference between the design and
control variables; specifically, while the design variables are

Ž .constant i.e., fixed during the operation stage, the control
variables can be tuned in order to satisfy process constraints
and to improve the performance of the CP. This property of
the control variables is used in the formulation of TSOP1.

In fact, according to Eq. 9 we must solve Eq. 10 for each
value of the uncertain parameters. Thus, in order to realize
the optimal solution of TSOP1, we must optimize the CP at

Ž .each time point to solve Eq. 10 using process models with
uncertain parameter values corresponding to the state of the
CP. Consequently, at each time point we must have accurate
values of the uncertain parameters. This is possible only if
there is enough process data for precise determination of all
uncertain parameter values. This condition is very restrictive

Žand it is often not satisfied in practice Walsh and Perkins,
.1996 . Often it is difficult or impossible to have on-line mea-

surements of some of the input process variables and param-
Žeters e.g., concentrations, rate constants, and heat-transfer

. Ž .coefficients Bahri et al., 1996 . Compounding this problem
is the possibility that some of the sensors are not accurate
enough.

To address these problems, we need to identify the follow-
ing three groups of uncertain parameters. The first group of
uncertain parameters � 1gT 1 contains parameters whose
values can be determined to within any desired accuracy at
the operation stage. This means that the appropriate sensors
are available to sufficiently determine accurate values of all

Žthe uncertain parameters by direct measurement or by solv-
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. 2ing parameter estimation problems . The second group � g
2 ŽT cannot be made any more precise due to the lack of

.appropriate sensors during the operation stage. The param-
eters � 3gT 3 of the third group can be made more precise at
the operation stage; however, the precision is not sufficient.
In this case, we need to take into account sensor measure-
ment errors.

Motivating Example
Suppose we must design a CP that consists of a CSTR and

Ž .an external countercurrent heat exchanger Figure 2 . The
reaction is assumed to be first-order exothermal of the type
A™B™C, with B as product. The flow rate through the
heat exchanger loop is adjusted to maintain the reactor tem-
perature below some T . The flow sheet was considered in1max

Ž .Halemane and Grossmann 1983 for the first-order reaction
ŽA™B. The process model of the reactor material and en-

.ergy balance is

�c F T yT qk exp yE rRT C y� H VŽ . Ž . Ž .p 0 0 1 A A 1

qk exp yE rRT C y� H VyQ s0Ž . Ž .2 B B 2 H E

F C yC yk exp yE rRT C Vs0Ž . Ž .A0 A 1 A A

F C yC qk exp yE rRT C VŽ . Ž .B0 B 1 A A

yk exp yE rRT C Vs0, 15Ž .Ž .2 B B

Žwhile for the heat exchanger heat balance and design equa-
.tions the process model is

Q sF C T yT sC T yT W ,Ž . Ž .HE 1 p 1 2 pw w 2 w1

T yT y T yTŽ . Ž .1 w 2 2 w1
Q s AU . 16Ž .HE ln T yT r T yT� 4Ž . Ž .1 w 2 2 w1

Here F , T , C , and C are the feed flow rate, temper-0 0 A0 B 0
ature of the feed, and the concentration of the reactant in
the feed, respectively; V, T , C , and C are the reactor vol-1 A B
ume, the reactor temperature, and the concentrations of the
reactants A and B in the product, respectively; E and EA B
are activity energies; � H and � H are the heats of reac-1 2
tion; F is the flow rate of the recycle; T is the recycle tem-1 2
perature; C and C are the heat capacities of the recyclep pw
mixture and the cooling water, respectively; T , T , and Ww1 w 2
are the inlet and outlet temperatures and the flow rate of the
cooling water, respectively; A is the heat-transfer area of the
heat exchanger; and U is the overall heat-transfer coefficient.

We select two design variables, V and A, two control vari-
Ž . Žables T and T , and six uncertain parameters �s F , T ,1 w2 0 0

.T , k , k , U . In this problem, there are the following con-w1 1 2
straints

0.9Fconv reactor conversion
311FT F389 reactor temperature1

301FT F355 heat exchangerw2

yT q311F0 heat exchanger2

y T yT q11.1F0 minimum temperature approachŽ .2 w1

T yT F0 thermodynamic constraint for2 1
heat exchanger

yT qT F0 thermodynamic constraintw2 w1
for heat exchanger 17Ž .

Ž .where convs A y A rA . We will suppose that the per-0 1 0
Ž .formance objective function fs f V, A, T T takes into1 w2

account all capital and operating costs.
Many parameters in the process model have experimen-

tally determined values and are only accurate to some de-
gree. The errors in these parameters can be traced to sources

Figure 1. Heat-exchanger network.
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such as model structure, parameter estimation, or inherent
changes in the process over time. Therefore, the parameters
are uncertain at the design stage. We consider the uncertain

Ž .parameters F , T , T , k , k , U . In order to obtain an0 0 w1 1 2
optimal design, the conventional approach is to solve Eq. 10
with nominal values of all the uncertain parameters. This re-
sults in ‘‘optimal’’ values of the design variables V and A,
which are then used to size the reactor and heat exchanger.
However, during the operation stage, the values of the inlet
flow F , its temperature T , and the temperature of the cool-0 0
ing water T can change. In addition, the actual values ofw1
the rate constant and heat-transfer coefficient can differ from
the nominal values. Consequently, we cannot ensure that all
the constraints in Eq. 17 will be met. For example, a violation
of the reactor temperature constraints can lead to an unsafe
operation of the CP.

Therefore, it is very important to find an optimal design
d�, which guarantees satisfaction of all the process con-
straints for all probable values of the uncertain parameters
Ž .that is, from a given uncertainty region . In theory, such a
solution is afforded by solving TSOP1. However, TSOP1 as-
sumes that at each time point accurate values of all the un-
certain parameters are known. Very often, this assumption is
not valid. We are not aware of sensors that do on-line mea-
surement of rate constants and heat-transfer coefficients.
Even if such sensors are on the market, they are not available
on most process systems. Therefore, during the operation
stage it is safe to assume that one cannot make the parame-
ters k , k , and U any more accurate than they already are.1 2
In addition, if some sensors for measurement of flow rates
and temperatures are absent, one cannot obtain accurate val-
ues of some of the parameters F ,T ,T at the operation0 0 w1
stage. Therefore, only some of the uncertain parameters can
be corrected. In summary, the optimal design d� found by
solving TSOP1 cannot guarantee flexibility of the chemical
process.

For obtaining a flexible chemical process, we can solve a
Ž . Ž .one-step optimization problem OSOP Bahri et al., 1996 .

The formulation of the OSOP supposes that none of the un-
certain parameter can be corrected during the operation
stage. This means that tuning using control variables is im-
possible. Of course, the use of the OSOP for the case when
we can correct only some of the uncertain parameters per-
mits determination of a feasible design, but it will be more
conservative since the OSOP does not take into account the
possibility of tuning using the control variables. Therefore,
there is a need to formulate the two-stage optimization prob-
lem for the case when at the operation stage one can only
correct some of the uncertain parameters.

New Feasibility Test and TSOP Formulation
We first consider the feasibility test and two-step optimiza-

tion problem when there are only two groups of uncertain
1 2 w Ž 1 2.xparameters and � and � such that �s � , � in the

process models; denote this problem as TSOP2. In what fol-
lows, we will discuss the development of TSOP2.

For simplicity, we will assume that the parameters in the
two groups are independent. Therefore, the joint probability

Ž . Ž 1. Ž 2.density function is � � s� � � � . The new feasibility1 2
test and the optimization problem under uncertainty will be

based on the following supposition. At each time instant dur-
ing the operation stage, one carries out CP optimization us-
ing process models in which at least one uncertain parameter
is made more precise using available process information. We
refer to the CP optimization problem at the current time in-
stant as an internal optimization problem.

The new feasibility test must guarantee the satisfaction of
all process constraints for all values of uncertain parameters.
Let us consider some time instant during the operation stage.
According to our supposition, the accurate values of the com-
ponents of � 1 can be determined at this time instant, while
the values of the components of � 2 cannot be determined.
Subsequently the feasibility condition for fixed � 1 takes the
form

2 2�z	� gT 	 jg J g d , z , � F0 . 18Ž . Ž .j

It is clear that a CP will be flexible if the condition is met for
all possible values of � 1. Consequently, the following condi-
tion must be met

1 1 2 2	� gT �z	� gT 	 jg J g d , z , � F0 . 19Ž . Ž .j

Using Eqs. A1 and A2, one can transform the logical relation
to the following analytical relation

� d F0, 20Ž . Ž .2

where

� d � max min max max g d , z , � 1, � 2 . 21Ž . Ž . Ž .2 j
1 1 2 2z jg J� gT � gT

iŽ . 1 ŽIntroduce the feasibility function � d on T a subregion2 i
1.of T as

� i d � max min max max g d , z , � 1, � 2 . 22Ž . Ž . Ž .2 j
1 1 2 2z jg J� gT � gTi

This is the feasibility test for the case of incomplete informa-
tion about uncertain parameters at the operation stage. Us-

Ž .ing A4 one can show that the following inequality holds

� d G� d . 23Ž . Ž . Ž .2 1

In addition, the less information about uncertain parameters
at the operation stage, the harder the requirements on the
design variables.

Now let us consider a new formulation of the TSOP. First,
we will formulate the internal optimization problem. Recall
that for some fixed time instant the value of � 1 is known,
while � 2 is not. Therefore, for fixed z and � 1 the following
logical condition must be met

2 2� gT 	 jg J g d , z , � F0 . 24Ž . Ž .j

The equivalent analytical condition is

max g d , z , � 1, � 2 F0, js1, . . . , m. 25Ž . Ž .j
2 2� gT
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A suitable objective function is the mathematical expectation
Ž . 2of f d, z,� with respect to � . Subsequently, the internal op-

timization problem will have the form

f � d ,� 1 smin E 2 f d , z , � 1, � 2�Ž . Ž .2 �
z

max g d , z , � 1, � 2 F0, js1, . . . , m . 26Ž . Ž . Ž .j
2 2� gT

The condition in Eq. 20 guarantees the existence of a solu-
tion to the problem for all values of � 1gT 1. The mathemati-

�Ž 1.cal expectation of f d, � characterizes the future perfor-2
mance of the CP. Therefore, it is suitable as the performance
objective function for the two-step optimization problem.
Since Eq. 20 guarantees the existence of a solution for Eq. 26

1 1 Ž .for all � gT , the feasibility test Eq. 20 must be included
as a constraint in the two-step optimization problem under

Žuncertainty. Therefore, the TSOP designated here as
.TSOP2 is given by

f smin E 1 f � d ,� 1 27� 4Ž . Ž .2 �
d

� d F0. 28Ž . Ž .2

We rewrite Eq. 27 using the expressions for mathematical
expectation as

f smin min f d , z , � 1, � 2 � � 2 d� 2rŽ . Ž .H H2 ½1 2zd T T

max g d , z , � 1, � 2 F0, � � 1 d� 1Ž . Ž .5
1 1� gT

� d F0. 29Ž . Ž .2

Ž .Note that the optimal value of z the control variable in
Eq. 26 for a fixed value of the parameter � 1 does not depend
on the optimal values of the control variable corresponding
to other values of the parameter. Therefore, we can change
the order of operations in the integration and minimization
in Eq. 29. Then Eq. 27 takes the form

1 1 2 1 2 1 2f s min f d , z � ,� ,� � � � � d� d�Ž . Ž . Ž .H H2 1 21 T TŽ .d , z �

max g d , z � 1 , � 1, � 2 F0 js1, . . . , mŽ .Ž .j
2 2� gT

� d F0. 30Ž . Ž .2

Since the search variable z in Eq. 30 depends on � 1, z is a
Ž 1.multivariate function z � .

Ž .Using Gaussian quadrature Carnahan, 1969 , the discrete
Žvariant of the optimization problem designated here as

.TSOP2 is given as

f smin w 
 f d , z i , � 1i , � 2 j 31Ž . Ž .Ý Ý2 i j
1d , z ig I jgQ1 1

max g d , z i , � 1i , � 2 F0, js1, . . . , m ig IŽ .j 1
2 2� gT

32Ž .

� d F0, 33Ž . Ž .2

where w and 
 are weight coefficients, satisfying the condi-i j
tions

w s1, 
 s1. 34Ž .Ý Ýi j
ig I jgQ1 1

If the probability density function is not known, the weight
� 1icoefficients and the sets of approximation points S s � :i1

4 � 2 j 4g I and S s � : jgQ need to be specified a priori.1 2 1
Let us compare TSOP1 and TSOP2. If we employ the same

approximation points in the discrete variants of the prob-
lems, then the same expressions for the objective functions
will be obtained. The following inequality holds

max g d , z i , � 1i , � 2 G g d , z i , � 1i , � 2 	� 2�T 2.Ž . Ž .j j
2 2� gT

Therefore, from this inequality and Eq. 23 the feasible region
of TSOP2 is smaller. Thus, f G f . In addition, the less the2 1
information about uncertain parameters at the operation
stage, the more conservative the CP design.

Now consider the case when all three groups of uncertain
Ž 3 .parameters are present that is, � is also present . We will

show that this case can be reduced to the previous case. In-
deed, let � 3,1 be the value of � 3 determined at the operation
stage. Then the exact value of � 3 can be represented as

� 3s� 3,1q� 3,2 ,

where � 3,2 is measurement error. The latter can take any
value from the region T 3� , determined by the accuracy of the
sensors. Thus, at the operation stage, we can determine val-
ues of � 3,1, while � 3,2 can take any values in T 3�. Conse-
quently, � 3,1 and � 3,2 can be considered as parameters of the
first and second groups, respectively; the problem with three
groups of uncertain parameters is reduced to one with only
the first two groups of uncertain parameters, in which the
first group contains the parameters � 1 and � 3,1, and the sec-
ond group contains the parameters � 2 and � 3,2. The uncer-
tainty region is determined by

� 1gT 1, � 3,1gT 3, � 2gT 2 , � 3,2gT 3� ,

� 3,1q� 3,2gT 3.

Split-and-bound method for solving TSOP2
Ž .The split-and-bound SB method for solving TSOP2 uses

a two-level iterative procedure, which is based on a partition
of the uncertainty region, T 1, into subregions, T 1,Žk .; thus,i
T 1sT 1,Žk .�T 1,Žk .� ���T 1,Žk ., where k is an index of itera-1 2 Nk

tion. Thus, some collection T k of N subregions T 1,Žk . corre-k i
sponds to each iteration of the method. The lower level is
used for estimating upper and lower bounds of the optimal
value, f , of the objective function corresponding to the given2

k Žcollection, T . The upper level serves to partition at each
. kiteration some subregions from T using information ob-

tained from the lower level. The procedure stops when the
difference between upper and lower bounds is less than a
given tolerance � .

In Appendices C and D, we discuss how to calculate upper
and lower bounds. Properties 2 and 3 of the upper-bound

Ž .problem Appendix D form the basis of the SB method. At
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the kth iteration, suppose we have a collection T k of subre-
gions. Then according to the Property 2, splitting some subre-
gions of T k improves the upper bound corresponding to T k.
In addition, according to Property 3, in the limit as the sizes
of all subregions tend to zero, the solution of the upper-bound
problem tends to the solution of TSOP2. The rationale for
the name split and bound is as follows: at each iteration it is
necessary to split some subregions and estimate the upper
bound for a new collection of subregions. In addition to the
upper- and lower-bound algorithms, we need a partitioning
strategy, the choice of which strongly affects the computa-
tional complexity of TSOP2. We showed previously that a

1 U,Žk . Žpartition of T improves the upper bound f see Eq.2
.D7 . The question is how must we partition T ? A direct way

is to partition all the subregions such that each of them is
small enough. In this case, we obtain a solution according to

Ž .Property 3 of the upper-bound problem see Eq. D8 . This
strategy for solving the TSOP2 is not efficient, since we will
have to solve optimization problems of very large dimension-
ality. We consider here a more efficient way of partitioning
that uses the following heuristic at the kth iteration: only

Žk . Ž .those T ls1, . . . , N are partitioned for which the con-l k
Ž . Ž .straints Eqs. D2 in the upper bound problem Eqs. D1 are

active. Justification of the partitioning strategy is discussed in
Appendix E.

Define LŽk . as the set of subregions T Žk . such thati

LŽk .s T Žk . : r T Žk . �� 35Ž .� 4Ž .i i

Ž Žk .. Žk .for small � , where r T is a measure of the size of Ti i
.We propose the following algorithm for solving TSOP2.

Algorithm 1
Step 1. Set ks1. Choose an initial partition of T 1 into

Ž1. Ž Ž1..subregions T , is1, . . . , N , and fix the set of approxi-i
Ž0. i,Ž0. l,Ž0. Ž Ž1..mation points, initial values d , z , z ls1, . . . , N

and � .
Ž .Step 2. Calculate an upper bound by solving Eq. D1 us-

Žk . i,Žk .Ž .ing Algorithm D1 from Appendix D. Let d , z ig I ,1
l,Žk .Ž Žk ..z ls1, . . . , N be the solution of the problem.
Step 3. Determine the set QŽk . of indices of subregions

with active constraints in Eqs. D2

� U , i dŽk . s0, igQŽk . . 36Ž . Ž .2

Žk . Ž ŽStep 4. If Q is empty, STOP solution of TSOP2 Eq.
. .C1 is found .
Step 5. Calculate a lower bound by solving Eq. C11, using

Žk . Žk . Ž .S sS from Step 9 of Algorithm D1 .2 A. P
Step 6. If

f U ,Žk .y f L,Žk .F� , 37Ž .2 2

Žfor a small enough � , then STOP the solution of TSOP2 is
.found .

Step 7. If

r T Žk . F� , is1, . . . , N 38Ž .Ž .i k

go to Step 9.
Step 8. Set RŽk .sLŽk .�QŽk .. Replace each T Žk .gRŽk . byi

Žkq1. Žkq1. Ž Žk . Žkq1. Žkq1..its partition T and T that is, T sT UT .i i i i i1 2 1 2

With these replacements T Žk . now becomes T Žkq1.. The
strategy for partitioning each T 1 into two subregions T 1 andl l1

T 2 is through the addition of the constraints � Fa and � Gl s s s2

a , respectively. Here � is the sth component of � . Thuss s
� 4 � 4T s � :� g T ; � F a a n d T s � :� g T ,l l s s l l1 2

Ž .where a is chosen as a s0.5 � q� . Each � will take as s s s i
turn at being the branching variable. Go to Step 10.

Step 9. Set �s�r2 and go to Step 7.
Step 10. Set kskq1 and go to Step 2.
The proof for the stopping criterion in Step 4 is similar to

Ž .the proof for that in TSOP1 see Ostrovsky et al., 1997 . It is
clear that any solution found in Algorithm 1 is also a solution

Ž .to TSOP2 since, according to Eq. C7 the difference be-
tween upper and lower bounds at termination of Algorithm 1
is less than the tolerance � . In addition, in Appendix F we
show that Algorithm 1 converges. This statement is correct in
a local sense, that is, the SB method will obtain at least a
local minimum of TSOP2. To obtain the global minimum, the

Ž .following conditions are sufficient see Ostrovsky et al., 2002 :
Ž . Ž .1 Each g d, z, � is quasi concave in � .j
Ž . Ž .2 Each g d, z, � is quasi convex in d and z.j
Ž . Ž .3 The function f d, z, � is convex.
Obviously, it is difficult to verify the convexity conditions in

practice. Therefore, one can use one of the following ap-
proaches. The first is a modification of the SB method in
order to guarantee flexibility of the CP in a global sense. This
is similar to the modification for TSOP1 developed in Os-

Ž .trovsky et al. 2002 . The second approach is as follows. Sup-
pose we obtain a design d� by solving TSOP2. We can verify

Ž �.the flexibility of the CP by computing � d using a global2
Ž .optimization method see, for example, Floudas et al., 2001 .

If d� is infeasible, then the worst point � � must be added to
the set of critical points.

Let us compare the SB method and the outer approxima-
Ž . Ž .tion OA algorithm Reemtsen and Gorner, 1998 , which is

Žone of the main methods for solving TSOP1 see Halemane
.and Grossmann, 1983 . The OA algorithm can be extended

Ž .for solving TSOP2. Indeed, since � d is given by Eq. B1,2
the TSOP2 has the structure, which permits application of
the OA algorithm. At each iteration of the algorithm, we will

Ž .have to calculate the feasibility function � d . Calculation2
Ž . Ž2.Ž .of � d can be reduced to the maximization of � d .2

Ž . Ž1.Ž . ŽHalemane and Grossmann 1983 showed that � d see
.Eq. 12 is nondifferentiable and multiextremal. It is clear that

� Ž2. is nondifferentiable and multiextremal as well. This
means that the use of a computationally intensive nondiffer-
entiable, global optimization method may be needed. In con-
trast, the SB method solves relatively simple upper- and
lower-bound problems. We note, however, that if the num-
ber, T 1, of subregions is large, the dimension of the upper-l
and lower-bound problems can become very large. This can
cause problems for standard NLP software. However, since
Eqs. C11 and D3 have special sparse structures, one can ex-
ploit this knowledge in a special-purpose NLP software.

Computational Experiments
We considered three examples. The uncertainty region in

all three cases is given as

T 
 s � :� N 1y
�� F� F� N 1q
�� , 39Ž . Ž .Ž . Ž .� 4i i i i i i
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Figure 2. CSTR and external heat exchanger.

where � N is a nominal value of parameter � , �� is the maxi-i i i
mal deviation from the nominal values, and 
 is a scalar co-
efficient. For solving all NLP problems in Algorithms 1 and

Ž .D1 we employed FSQP Craig, 1997 . All the examples were
solved on a 2-GHz Pentium 4 PC.

Example 1: heat-exchanger network
Ž . ŽHere we consider the heat-exchanger network HEN Fig-

.ure 1 consisting of seven heat exchangers, one cooler, four
Ž . Žhot streams H ,is1, . . . , 4 , and four cold streams C , is1,i i

.. . . , 4 . Here design variables are heat-exchanger areas A ;i
control variable F is a cooler cold-water flow rate. The costw

Ž .function f $ryr is

8
0.6fs145.6 A q1530F . 40Ž .Ý i w

is1

Specific data for the HEN are in Table 1. Uncertain parame-
ters are heat-transfer coefficients, U ; input temperatures, T in

i H i
Ž . in Ž .is1, . . . , 4 and T js1, . . . , 4 of the hot and coldCj

in Ž in in .streams, respectively. Let T s T , T , i, js1, . . . , 4 . ForHi Cj
design specifications, bounds on the outlet temperatures of

Ž out. Ž out.the hot T and cold streams T are enforced asHi Cj

out outT yT F0, is1, . . . , 4 41Ž .Hi Hi

out outyT qT F0, js1, . . . , 4, 42Ž .Cj Cj

Table 1. Specific Data for Example 1

Heat capacity of water C 4.19 kJrkg �KP W
Max. water output temp. T 355.37 KW
Cooling water temp. T 310.93 KW
Min. allowable approach �T :
Heat exchanger: �T 11.1 KH e
Water cooler: �T 11.1 KC
Overall heat transfer coeff.:

2Heat exchanger: U 0.203 kcalrm � s KH e
2Water cooler: U 0.203 kcalrm � s KC

Table 2. Stream Information for Example 1

w xFCp s Input Temp.
out outŽ . w x w x w xStream kcalr s K s K T s K T s KC j H i

C 1.818 333 433 �1
C 1.454 389 495 �2
C 2.016 311 494 �3
C 3.312 366 478 �4
H 2.106 433 � 3661
H 2.52 522 � 4112
H 3.528 500 � 3393
H 3.006 544 � 4224

out outwhere T and T are given in Table 2. In addition, boundsHi Cj
on the temperature approach driving forces are enforced.
Thus

T in ,Žk .yT out ,Žk .G� , ks1, . . . , 8, 43Ž .H C

where T in, Žk ., T out,Žk . are inlet and outlet temperatures ofH C
the hot and cold streams for the k th heat exchanger; and �
is the minimum approach temperature difference. The maxi-
mum water output temperature does not exceed 82.2 K. Here
we suppose that 
 s1. The design problem then consists of
selecting the optimal heat-exchanger areas, A , so that fori
heat-transfer coefficients within�20% of the nominal values,
and inlet stream temperatures within�5% of the nominal
values, all the design specifications are satisfied by a suitable
choice of the cooling-water flow rate. The process model of a
heat exchanger is given in Eq. 16, which can be transformed
as

T outsT iny
 T outyT in ,Ž .H H C C

T in exp �y1 qT in 
 y1 exp �Ž . Ž .H CoutT s ,C 
 exp �y1

Ž .where �s AU 
 y1 rF c , 
 sF c rF c , c , andC pC C pC H pH pH
c are heat capacities of hot and cold streams, respectively.pC
The process model permits calculation of the outlet tempera-
tures of the streams if we know the inlet temperatures. It
should be noted that one cannot obtain explicit expressions

Ž .for the reduced constraints g d, z,� in Eq. 3. However, forj
in in Ž . Žgiven values of T , T i, js1, . . . , 4 , F , A , U is1, . . . ,Hi Cj i i i

.8 , and F , the heat-exchanger network can be simulated tow
out out Ž .yield the temperatures T , T i, js1, . . . , 4 . All theHi Cj

Ž . Žconstraints Eqs. 41�43 depend indirectly on A , U is1,i i
. in in Ž .. . . , 8 F , and T T i, js1, . . . , 4 , and they can be repre-w Hi Cj

sented in the form

g A , F , U , T in , T in F0, js1, . . . , 16, 44Ž .Ž .j i w i Hi Cj

where constraints with indices is1, . . . , 4 correspond to Eq.
41, constraints with indices is5, . . . , 8 correspond to Eq. 42,
and constraints with indices is9, . . . , 16 correspond to Eq.
43.

We consider three cases. In the first case, we suppose that
at the operation stage we can determine exact values of all
the uncertain parameters. We need to solve TSOP1 in order
to obtain the optimal HEN design. In the second case, we
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suppose that during the operation stage we cannot determine
any of the uncertain parameters any more precisely. In this
case, we need to solve the one-step optimization problem
Ž . Ž .OSOP Bahri et al., 1996 . In the third case, we assume that

Ž .during the operation stage a we can find the exact values
Ž .for the inlet temperatures of the streams, and b we cannot

determine the heat-transfer coefficients any more precisely.
1 in Ž in in . 2 �Thus � sT s T , T , i, js1, . . . , 4 and � s U , is1,Hi Cj i

4 1 2 1. . . , 8 . The uncertainty regions T and T for the vectors �
2 1 � in in, N inand � are of the form T s T : 0.95T FT Fj j j

in, N 4 2 � N N4 in, N1.05T and T s U : 0.8U FU F1.2U , where Tj i i i i j
and U N are the nominal values of input temperatures andi
heat-transfer coefficients, respectively.

Here we need to solve TSOP2 in order to obtain an opti-
mal HEN design. We employ three approximation points � 1,1

sN, N, N, N; � 1,2sL, L, L, L; � 1,3sU,U,U,U for the vector
� 1, where N, U, and L denote nominal value, upper, and
lower bounds, respectively. The following weight coefficients
were used for the first group, w s0.8; w sw s0.1. Now1 2 3

Ž .the objective function Eq. 31 does not depend directly on
the uncertain parameters. Therefore, using Eq. 34, the objec-
tive function in TSOP2 can be represented as

8 3
0.6 i145.6 A q1530 w F ,Ý Ýi i w

is1 is1

where F i is the cold-water flow rate, corresponding to thew
ith approximation point. In this case, TSOP2 becomes

8 3
0.6 imin 145.6 A q1530 w F ,Ý Ýi i wž /i lA , F F is1 is1i w , w

max g A , F i , T in , i , U F0, js1, . . . , 16;Ž .j i w
2U gT

is1,2,3

max min max max g A , F , T in , U F0. 45Ž .Ž .j i w
i n 1 2F jg JT gT U gTw

Ž .Consider realization of the SB method Algorithm 1 in the
preceding case. At each iteration of the algorithm, calcula-
tion of the lower and upper bounds are the main operations.
It is necessary to solve Eqs. D3 and C11. Consider in detail
Algorithm D1 intended for solving Eq. D3. Suppose the un-

1 1 Žcertainty region T is partitioned into N subregions T lsk l
. Ž .1, . . . , N , then the upper-bound problem Eq. D3 becomesk

8 3
0.6 imin 145.6 A q1530 w F 46Ž .Ý Ýi i wž /i l lA F , F is1 is1w , w w

max g A ,F i ,T in ,i , U F0, js1, . . . , 16;Ž .j i w
2U gT

is1,2,3 47Ž .

max g A ,F i ,T in ,i ,U F0, ls1, . . . , N ;Ž .j i w k
i n 1 2T gT ,U gTl

js1, . . . , 16. 48Ž .

i ŽIn Eq. 46 there are 3n qN n q n search variables z isz k z d
. lŽ .1, 2, 3 , z ls1, . . . , N and d where n and n are thek z d

dimensions of z and d, respectively. Algorithm A1 for solving
Ž .the upper-bound problem Eq. 46 is

Step 1. Initialize the search variables and the sets Si and2
l Ž .S critical points for Eqs. 47 and 48 .2
Step 2. Solve Eq. D9 given explicitly as

8 3
0.6 imin 145.6 A q1530 w F 49Ž .Ý Ýi i wž /i lA , F , F is1 is1i w w

g A , F i , T in , i , U i ,q F0; is1,2,3; U i ,qgSi ;Ž .j i w 2

js1, . . . , 16 50Ž .

g A ,F l ,T in , l , s , U l , s F0; js1, . . . , 16;Ž .j i w

T in , l , s , U l , s gSl , ls1, . . . , N . 51Ž . Ž .2 k

Remember that in order to calculate the lefthand side of Eqs.
50 and 51 we must carry out calculations of HEN for the
given values of A , F i , T in, and U q.i w

Step 3. For each T in,i, solve Eq. D12, which in this case
takes the form

l in , imax g A , F , T , U , 52Ž .Ž .j i w
2U gT

iw xsuch that A , F is the solution of Eq. 49. This is optimiza-i w
l in, iŽtion of HEN where the objective function is g A , F , T ,j i w

.U . Note that Eq. 52 is solved 3�16s48 times.
1Ž .Step 4. For each subregion T ls1, . . . , N , solvel k

max g A , F l , T in , U . 53Ž .Ž .j i w
in 1 2T gT ,U gTl

This requires solving Eq. 51 16N times. If the condition ink
Step 5 is not met, then in Steps 6 and 7 new critical points
are added to the sets Si and Sl . In Step 9 the set of active2 2
points of Eq. 46 is formed. The latter serves as the set SŽk . in2
the lower-bound problem.

Ž .The lower-bound problem see Appendix C is

3 3
0.6 imin 145.6 A q1530 FÝ Ýi wž /i rA , F , F is1 is1i w w

max g A ,F i ,T in ,i , U F0, js1, . . . , 16;Ž .j i w
2U gT

is1,2,3

max g A ,F r ,T in ,r ,U F0, js1, . . . , 16;Ž .j i w
2U gT

is1,2,3; T in ,rgSŽk . . 54Ž .2

The algorithm for solving the lower bound problem is simi-
lar to that of the upper bound problem as discussed earlier.
The lower- and upper-bound problems are used in the SB

Ž .algorithm Algorithm 1 as follows:
Step 1. Give an initial partition of the uncertainty region

T l, and initialize the search variables A , F i , and F l .i w w
Step 2. Solve Eq. 46.
Step 3. Determine the set of active constraints in Eq. 46.
Step 4. If the set is empty, then STOP with the solution.
Step 5. Calculate a lower bound by solving Eq. 54.

� �Step 6. If upper boundylower bound is less than a given
tolerance � , then STOP with the solution.
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Table 3. Results for Nominal Optimization, TSOP1, and TSOP2 for Example 1
2 2 2 2 2 2 2 2Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .F A m A m A m A m A m A m A m A m1 2 3 4 5 6 7 c

1 Nominal 43,124.13 1ey3 81.3 11.5 25.9 37.8 8.71 2.74 29
2 TSOP1 56,619.94 8.2 91.1 34.3 53.7 96.7 11.4 5.26 30.2
3 Design

margins,% � 11.95 197.53 107.47 155.93 31.06 92.06 4.17
4 TSOP2 59,335.09 8.63 103 34 53.8 96.9 11.4 5.26 34
5 Design

margins,% � 27.19 194.64 107.93 156.37 31.13 91.84 17.22
6 OSOP 61,216.76 8.48 99 34.1 53.8 96.8 11.4 5.26 34.9
7 Design

margins, % � 21.721 195.65 107.77 156.21 31.11 91.92 20.47

Step 7. If the size of each subregion is less than a given
tolerance � , go to Step 9.

Step 8. Consider subregions with size greater than � . Par-
tition these subregions if they have active constraints.

Step 9. Decrease � and go to Step 2.
In Table 3, we give optimal values of the objective func-

tions and the heat-transfer areas obtained by solving the
nominal optimization problem, TSOP1, TSOP2, and OSOP.
We also give the optimal values of design margins � A calcu-i

Ž TSOP nom. nom TSOPlated through �d %s100 d yd rd . Here di i i i i
and dnom are the values of the ith design variable obtainedi
by solving TSOP and the nominal optimization problem, re-
spectively.

Let us discuss the results in Table 3. From TSOP1, it is
Žseen that the presence of uncertainty in the heat-transfer

.coefficients and the stream inlet temperatures leads to the
Ž .need to provide significant design margins see row 3 in or-

der to guarantee flexibility of the HEN. This requires a sig-
Ž .nificant increase 31% in the HEN cost from $43,124ryr up

to $56,629ryr. The inability to correct the heat-transfer coef-
ficients during the operation stage leads to an increase in the
heat-exchanger areas of the second heat exchanger and the

Ž . Ž .cooler see rows 3 and 5 . This increases by 4% the cost of
the network from $56,619ryr to $59,335ryr.

Next, let us consider the implications of using the optimal
TSOP1 Ž .HEN design variables d from TSOP1 in the case when

the heat-transfer coefficients cannot be corrected at the op-
eration stage. We first evaluate the modified feasibility func-

Ž . Ž TSOP1. Ž TSOP1.tion � d to obtain � d s7.09. Since � d is2 2 2
greater than zero, the design dTSOP1 will be infeasible. This
means that if dTSOP1 is employed in the design of the HEN,
then the latter will not be flexible. On the other hand, if dOSOP

Ž .from the one-step optimization problem is employed, then
a flexible HEN will result. However, in this case a more con-
servative design will result. Actually, the cost of the HEN for
dsdOSOP is equal to $61,216ryr, which represents a 5% in-
crease over that obtained from TSOP2.

Table 4. Specific Data for Example 2
3Ž .�C 167.4 kJrm �K k 314.0 Lrhp 1

Ž .C 4.19 kJr kg �K k 40.0 LrhP W 2
3 2Ž .F 45.36 mrh U 1635.0 kJr m �h �K0 1

3C 32.04 kmolrm � H y725.97 kJrkg �molA0 1
3C 0.0 kmolrm � H y2176.03 kJrkg �molb0 2

E rR 560.0 K T 333.0 KA 0
E rR 500.0 K T 300.0 KB w1

Example 2: continuous stirred-tank reactor and external
heat exchanger

Ž .The process Figure 2 is described as the motivating exam-
ple. Process models of the reactor and heat exchanger are
given by Eqs. 15 and 16, while the constraints are given by
Eq. 17. Here there are two design variables, V and A, two
control variables T , T , and six uncertain parameters �s1 w 2
Ž .F , T , T , k , k , U . Specific data for the example are in0 0 w1 1 2

Ž 0.3Cc .Table 4. The cost of the separation is given by 12.5 e y1
Ž .Fogler, 1999 . The performance objective is the maximiza-

Ž .tion of income f $ryr as follows

0.7 0.6fs100F C y 345.6V q436.8 A0 B

0.3Ccq0.88Wq3.528 F q12.5 e y1 .Ž .1

N wNominal values of uncertain parameters are � s 45.36, 333,
x w x300, 314, 40, 1,635 and �� s 0.08, 0.1, 0.1, 0.1, 0.1, 0.1 .i

We consider two cases. In the first case, we suppose that
all uncertain parameters can be determined with enough pre-
cision at the operation stage. In the second case, we suppose
that there is no sensor for measurement of the input flow
rate, F . In addition, we noted already that k , k , and U0 1 2
cannot be measured at the operation stage. In this case, for

1 w xoptimal design we must solve TSOP2 for which � s T , T0 w1
2 w xand � s k , k , F , U . We used four approximation points1 2 0

for the vector � 1: � 1,1sN, N; � 1,2sL, L; � 1,3sU,U; � 1,4s
L,U. For each approximation in � 1, we employed five approx-

2 Ž 2,1 2,2imation points for � � sN, N, N, N; � sL, U, U, L;
2,3 2,4 2,5 .� sL, L, L, L; � sU, L, L, U; � sU, U, U, U .

Thus in the space of parameters � we employ 20 approxima-
tion points. The following weight coefficients were used: first
group w s0.7; w sw sw s0.1; second group 
 s0.6; ®1 2 3 4 1 2
s® s® s® s0.1.3 4 5

In Table 5, we give the results for the nominal optimiza-
tion, TSOP1 and TSOP2. According to TSOP1, we must use
the following design margins to obtain a flexible CP. �Vs
25.71%, � As17.61%. On the other hand, TSOP2 suggests
the following design margins: �Vs30.69%, � As31.79%.

Table 5. Results for nominal optimization, TSOP1 and
TSOP2 for Example 2

3 2Ž . Ž . Ž . Ž . Ž .F $ryr V m A m �V % � A %

Nominal 40,231.12 5.485 32.421
TSOP1 29,065.01 6.895 38.132 25.71 17.61
TSOP2 27,808.68 7.169 42.727 30.69 31.79
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Table 6. Results for Nominal Optimization, TSOP1 and TSOP2 for Example 2a
3 2w x w x w x Ž . Ž . w x
 TSOP Version f s $ryr V s m A s m �V % � A % CPU s s

Nominal 9769.25 5.42 7.20 0.005
Ž .i.e. 
 s0
1.00 TSOP1 10547.54 6.63 8.25 22.22 14.66 0.52

TSOP2 10554.80 6.63 8.42 22.22 17.02 0.14
1.25 TSOP1 10815.43 6.97 8.72 28.57 21.14 1.56

TSOP2 10855.25 6.97 9.09 28.57 26.28 0.49
1.50 TSOP1 11127.69 7.33 9.13 35.29 26.89 5.3

TSOP2 11230.99 7.39 9.74 36.23 35.24 1.67
1.75 TSOP1 11522.28 7.83 9.81 44.40 36.25 14.61

TSOP2 11670.52 7.91 10.74 45.93 49.23 3.96

Similar to Example 1 we investigated the feasibility of design
dTSOP1 for the case when the parameters k , k F , and Ui 1 2 0
cannot be corrected at the operation stage. We obtain

Ž TSOP1.� d s0.0017�0, that is, the value of the feasibility2
function is a small positive number. Consequently, the design
dTSOP1 is infeasible. It is interesting to note that the OSOP ini
this case does not have a solution, since the feasibility region
of the OSOP is empty.

Next, we consider Example 2 for a reaction of the type
A™B; refer to this case as Example 2a. Here the design,
control variables, and the uncertain parameters are the same,
except for k . Specific data for the example are in Table 4.2
We consider two cases. In the first case, we suppose that all
uncertain parameters can be determined with enough preci-
sion at the operation stage. In the second case, we suppose

Ž .that there is no process data at the operation stage to deter-
mine with enough precision k , k , and U. For optimal de-1 2
sign, we need to consider TSOP2. Here � 1 consists of T ,0
T , F , and � 2 consists of k and U. We used four approxi-w1 0 1

1 Ž 1,1 1,2mation points for the vector � : � sN, N, N; � sL, L,
1,3 1,4 .L; � sU, U, U; � sU, U, L ; and for each approxima-

tion point of � 1, we used five approximation points for � 2:
Ž 2,1 2,2 2,3 2,4 2,5� sN, N; � sL, U; � sL, L; � sU, L; � sU,

.U . In Table 6, we give the results for the nominal optimiza-
tion, TSOP1 and TSOP2, for different sizes of the uncer-

Ž .tainty region. Note that Halemane and Grossmann 1983
Ž .considered the case 
 s1 CPU time of 162 s on a DEC-20 .

We obtained the same results with a CPU time of 0.5 s on a
2-GHz Pentium 4 PC. Note that it is difficult to compare the
CPU for different computers that are separated by several
years.

Example 3: three-stage flow sheet
Consider the reactorrheat-exchanger network in Figure 3.

Each stage has one CSTR of volume V and a heat exchangeri
with heat-exchange area A . In each CSTR the reaction isi

k k1 26 6A B C
k3 6B D.

Here B™D is endothermic, while A™B and B™C are
exothermic. Moreover, each reaction step is first order. The
process models of the reactor and heat exchanger are given
as follows.

Figure 3. Three-stage flow sheet.
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Table 7. Specific Data for Example 3
3Ž .� C 100.0 kJr m K k 98.0 Lrhp p 1

Ž .C 4.19 kJr kg K k 25.0 LrhP W 2
3F 90.0 mrh k 110.0 Lrh0 3

3C 32.0 kmolrm � H y725.0 kJrkmolA0 1
E rR 500.0 K � H y781.25 kJrkmolA 2

1E rR 1200.0 K � H 625.0 kJrkmolB 3
2E rR 1300.0 K T 350.0 KB 0

2Ž .U sU sU 1400.0 kJr m h K T 300.0 K1 2 3 w1

CSTR. For the ith stage

�c F T iyT i qk exp yE rRT i C y� H VŽ .Ž . Ž .p 0 0 1 1 A A 1 i

qk exp yE rRT C y� H V yQi s0Ž . Ž .2 B B 2 i H E

F C i yC i yk exp yE rRT i C i V is0Ž . Ž .A0 A 1 A A

F C i yC i qk exp yE rRT i C i V iykŽ .Ž .B0 B 1 A A 2i

exp yE1rRT C Vyk exp E1rRT i s0Ž . Ž .B B 3 B

F C i yC i qk exp E2rRT i C Vs0. 55Ž .Ž . Ž .D0 D 3 B B

ŽThe design equation for the heat exchanger is given by Eq.
. 1 116 . Neighboring stages are connected by T sT ; C sC ;0 0 j0 j0

C isC iq1; T iq1 T 1: js A, B, C, D; is1, 2 such that C sj j0 0 i B 0
C sC s0. The cooling-water temperature in each heatC0 D 0
exchanger is T . We employ the same notation as in Exam-w1

Ž .ple 2. There are six design variables V , A , is1,2,3 ; sixi i
Ž 1 i .control variables T , T , is1,2,3 ; and nine uncertain pa-i w2

Ž 1 1 2 3.rameters �s T , T F , k , k , k , U , U , U . Specific0 w1 0 1 2 3
data for this example are given in Table 7. Deviations are

w xequal to �� s 0.03;0.03;0.1;0.1;0.1;0.1;0.1;0.1;0.1 . The pro-i
duction of B should be at least 18.4 kmolrmg. Thus

C G18.4. 56Ž .B

Ž .In addition, all the constraints in Eq. 17 excluding 0.9Fconv
are also enforced here. Thus

yT iq311F0 T i yT F0 301FT i F3552 w 2 w1 w 2

is1,2,3

y T iyT q11.1F0 T iyT iF0Ž .2 w1 2 1

311FT iF389. 57Ž .1

In this study, minimization of cost is required such that all
constraints in Eqs. 56 and 57 are met. The capital costs in-

clude cost of reactors and heat exchangers, while operating
costs include the cost of cold water, recycles, and separation
of byproducts C and D after the third stage. As in Example
2, the separation of the byproducts is very difficult. The cost

Ž 0.3CC . Ž .of separation is given by 2.5 e y1 Fogler, 1999 . The
performance objective is finally given by

fs700 V 0.7qV 0.7qV 0.7 q174.72 A0.6q A0.6y A0.6Ž . Ž .1 2 3 1 2 3

1.76 W qW qW q7.056 F qF qFŽ . Ž .1 2 3 1 2 3

q100 e0.5ŽCc3qC d3.y1 .Ž .

1 Ž .We solved TSOP1 and TSOP2. In the latter, � s T ,T0 w1
2 Ž .and � s F , k , U , is1,2,3 . For TSOP2 we used five ap-0 i i

w 1,1 1,2 1,3 1,4 1,5x wproximation points � , � , � , � ,� s NN, UU, LL,
x 1LU, UL . Moreover, for each approximation point of � we

2.1 w xused one approximation point: � s N, N, N, N, N, N .
The following weight coefficients were used for the first group
w s0.6, w sw sw sw s0.1.1 2 3 4 5

The results are given in Table 8. If during the operation
stage, values of all uncertain parameters can be determined
accurately enough, then from TSOP1 we need to use the de-
sign margins given in row 3 of Table 7 in order to guarantee
flexibility of the flow sheet. If during the operation stage the
uncertain parameters from � 2 cannot be corrected, then it is
necessary to use design margins from row 5. It is clear that
design margins must be increased for V , A , and A . On the1 1 2
other hand, the design margins for V and A must be de-3 2
creased. Here the total costs increase from $16,351 to $16,670
Ž .a 2% increase .

As before, we investigated the feasibility of the design
dTSOP1 for the case when k , k , k , U , U , U cannot bei 1 2 3 1 2 3
corrected at the operation stage. For this case, the feasibility

Ž TSOP1. TSOP1function � d is 0.008, indicating d is not feasi-2 i
Ž .ble since it is positive . It is interesting to note that the cor-

responding OSOP does not have a solution, since the feasible
region is empty.

Discussion of the SB Method
The efficiency of the SB methods was explored using sev-

eral examples. The number of iterations for the upper-bound
Žproblem was usually 2 or 3. The number of iterations equal

.to the number of partitions in the SB method usually ranged
from 10 to 15. The following were encountered:
Ž .1 In some cases when using the SB method for solving

examples 2 and 3, the search point strayed into the infeasible
Ž .region specifically, the constraint T yT F0 was violated ,2 1

after which it remained in the infeasible region and we ob-

Table 8. Results for Nominal Optimization, TSOP1 and TSOP2 for Example 3
w x w x w x w x w xV s V s V A s A s A s1 2 3 1 2 3

3 3 3 2 2 2w x w xF s $ryr m m s m m m m

1 Nominal 14146.86 1.605 1.687 1.611 7.168 10.596 5.966
2 TSOP1 16351.34 1.923 2.034 2.141 9.367 11.01 6.172
3 Design 19.81 20.57 32.9 30.68 3.91 3.45

margins, %
4 TSOP2 16670.5 2.183 2.134 1.938 11.5 11.5 3.473
5 Design 36.01 26.5 20.3 60.44 8.53 y41.79

margins, %
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tained incorrect results. The behavior is apparently associ-
ated with the code FSQP that we used. This is because when

Ž .we replaced FSQP with Knitro Waltz and Nocedal, 2002 ,
the problem disappeared.
Ž .2 When the uncertainty region is expanded, the complex-

ity of solving TSOP2 is increased, since the dimensions of
Eqs. C11 and D3 become rather large. Apparently, such be-
havior is explained by the fact that for some critical size of
the uncertainty region the TSOP2 does not have a solution
Ž .the process is not flexible . In order to solve successfully
TSOP of large dimension it is necessary to take into account
the structure of TSOP2.

Conclusions
So far, in the open literature, two extreme approaches,

Ž .namely, two-step optimization problem TSOP and one-step
Ž .optimization problem OSOP , have been developed for solv-

ing the optimization problem under uncertainty. At the oper-
ation stage, in TSOP, one assumes that there is enough pro-
cess data for determining accurate values of the uncertain
parameters. This permits tuning the control variables in or-

Ž .der to optimize the chemical process CP for each measured
value of the uncertain parameters. On the other hand, in
OSOP, one assumes that accurate values of uncertain param-
eters cannot be determined during the operation stage. In
this case, we cannot tune the control variables during the op-
eration stage. It is reasonable to expect that available process
data at the operation stage can permit us to determine with
enough accuracy only a subset of the uncertain parameters. If
this is the case, then the TSOP cannot guarantee flexibility of
the CP, since the optimal regime found by solving the prob-
lem cannot be realized. On the other hand, OSOP results in
designs that are more conservative, since the control vari-
ables cannot be tuned at the operation stage. In connection
with this, we developed extensions of the feasibility test and

Ž .TSOP, which take into account the possibility a to deter-
mine with enough precision some of the uncertain parame-

Ž .ters, and b to improve the remaining uncertain parameters,
although the required precision cannot be attained.

We developed the split-and-bound method for solving the
extended TSOP. Computational experiments show that if it is
not possible to correct some of the uncertain parameters dur-
ing the operation stage, then it is necessary to increase the

Ž .design margins with a concurrent increase in costs beyond
what would be done by solving the conventional TSOP.
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Appendix A: Auxiliary Relations
We need the following equivalence relations and inequali-

ties

max � x F0m� x F0, 	 xg X A1Ž . Ž . Ž .
xg X

� x f x F0mmin f x F0 A2Ž . Ž . Ž .
x
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max max f x , y smax max f x , y A3Ž . Ž . Ž .
x y y x

min max f x , y Gmax min f x , y , A4Ž . Ž . Ž .
x y y x

where x is a vector of continuous or discrete variables. The
relations in Eqs. A1, A2, and A3 are obvious, while Eq. A4 is

Ž .proved in McKinsey 1952 .
Theorem A.1. Consider the problem

fs min f xŽ .
xg X

min � x , y F0, is1, . . . , m. A5Ž . Ž .i
ygY

Ž .Here there are n search variables n sdim x . Considerx x
the auxiliary problem

fsmin f xŽ .
ix , y

� x , y i F0, is1, . . . , m , A6Ž .Ž .i

i Ž .where y , is1, . . . , m are vectors of new search variables.
Thus in Eq. A6 there are n qmn variables. It is shown inx y

Ž . � i�Ostrovsky et al. 1997 that if x , y is the solution of Eq.
A6, then x� is the solution of Eq. A5.

Theorem A.2. Let x� be the solution of

min f x A7Ž . Ž .
x

� x F0 ig I. A8Ž . Ž .i

Let the constraints in Eq. A8 with indices ig I be active atA
x�, that is,

� x� s0 ig I � x� �0 ig IrI . A9Ž . Ž . Ž .i A i A

Then x� is a local minimum of

min f x A10Ž . Ž .
x

� x s0 ig I .Ž .i A

Indeed, since x� is the solution of Eq. A7 in which condi-
tions in Eq. A9 hold, there exists a vicinity C of x� in which

f x� F f x xgC A11Ž . Ž . Ž .

� x s0, ig I , � x� �0 ig IrI .Ž . Ž .i A i A

However, Eq. A11 is the condition for x� to be a local mini-
mum of Eq. A10. Now consider the proof of the inverse
statement. Let x� be the solution of Eq. A10 and consider

Ž .the set of functions � x , ig I, that satisfyi

�� x �0 ig I A12Ž . Ž .i

�Then x is a local minimum of Eq. A7 such that Is I � I.A
We prove this statement as follows. Since x� is also a local

�minimum of Eq. A10, there is a vicinity C of x such that

�f x F f x xgC A13Ž . Ž . Ž .

� x� s0 ig I . A14Ž . Ž .i A

However, at x� the condition in Eq. A12 is met. Note that
Eqs. A12 and A14 coincide with Eq. A8, with Is I � I.A
However, Eqs. A13 and A8 indicate that x� is a local mini-
mum of Eq. A7.

Theorem A.3. Let x� be the solution of

f �smin f x A15Ž . Ž .
x

� x F0 is1, . . . , k , . . . , m. A16Ž . Ž .i

We will suppose that Eq. A15 has a unique global minimum.
Consider a problem in which the kth constraint is deleted
from the constraints in Eq. A16:

f k�smin f x A17Ž . Ž .

� x F0 is1, . . . , ky1, kq1, . . . , m. A18Ž . Ž .i

Let x� be the unique global minimum of the problem. Since
the feasible region of Eq. A17 encloses that of Eq. A15, f k�

F f � holds.
Suppose that the global minimum of Eq. A15 does not co-

incide with the global minimum of Eq. A17 x� � x k�. Then
on

D s x : � x F0 is1, . . . , ky1, kq1, . . . , m ,� 4Ž .k i

where x� does not coincide with the global minimum of Eq.
A17. Therefore, at the global minimum of Eq. A.17 the ob-
jective function value must be less than at x�. Consequently,
the strong inequality f k� � f � holds. Since the equality x�s
x k� is rare, the deletion of some constraints improves the
optimal objective function value in general.

Appendix B: Upper Bound of the Feasibility
Function and Its Properties

The feasibility function can be represented as

� d s max � Ž2. d , � 1 , B1Ž . Ž . Ž .2
1 1� gT

where

� Ž2. d , � 1 smin max max g d , z , � 1, � 2 .Ž . Ž .j
2 2z jg J� gT

U Ž . U, iŽ .Introduce auxiliary functions � d and � d for the re-2 2
gion T 1 and the subregion T 1, respectively,i

� U- min max max max g d , z , � B2Ž . Ž .2 j
1 1 2 2z jg J� gT � gT

� U, ismin max max max g d , z , � . B3Ž . Ž .2 j
1 1 2 2z jg J� gT � gTi
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These are obtained by changing the order of the first two
operations in Eqs. B2 and B3. Consider some properties of
� U and � U, i as follows:2 2

UŽ .Property 1. The function � d is the upper bound of2
Ž . 1� d on T , thus2

� U d G� d . B4Ž . Ž . Ž .2 2

This is easily proved using Eqs. A4 in 21. From Eq. B1 we
have

� U d G� Ž2. d , � 1 	� 1gT 1. B5Ž . Ž . Ž .2

Similarly, for � U, i we have2

� U, i d G� Ž2. d , � 1 	� 1gT 1. B6Ž . Ž . Ž .2 i

Property 2. There is the following relation

� U, i d F� U, j d if T 1gT 1. B7Ž . Ž . Ž .2 2 i j

U, iŽ . Ž .The relation follows directly from � d see Eq. B3 .2
Property 3. The following holds

� U d smin max max g d , z , � . B8Ž . Ž . Ž .2 j
z jg J � gT

Indeed, it is clear that the following equality holds:

max max max g d , z , � s max max g d , z , � .Ž . Ž .j j
1 2 jg J � gT jg J� gT � gT1 2

Using the preceding equality and Eq. A3, we can obtain Eq.
B8 from Eq. B2. It should be noted that the upper bound

UŽ . Ž . Ž� d of the feasibility function � d , introduced in Ostrov-1 1
.sky et al., 1994 , is equal to the righthand side of Eq. B8 as

UŽ . UŽ .well. Therefore, we have � d s� d . Due to this fact,1 2
calculation of the feasibility function in this case is similar to
that in the case when there is complete information about
uncertain parameters at the operation stage.

Property 4. Let T 1 be partitioned into N subregions T 1,k
k i

such that

T 1sT 1,Žk .�T 1,Žk .� ���T 1.Žk . , B9Ž .1 2 Nk

where k is an iteration index to be discussed later. Then

max � U , iG� . B10Ž .2 2
i

This follows from the fact that for all T 1, Eq. B6 holds.i
Property 5. The following holds

lim � U , ismin max max g d , z , � 1,i , � 2Ž .2 j
i 2 2z jg JŽ .r T ™ 0 � gT1

s� Ž2. d , � 1,i , B11Ž . Ž .

where � 1,i is a point to which T 1 tends. The property followsi
U, i Ž .directly from the form of � see Eq. 22 . From here for a2

small enough T 1 we havei

� U, i(min max max g d , z , � 1,i , � 2Ž .2 j
2 2z jg J � gT

if r T 1 F� , B12Ž .Ž .i

Ž 1. 1where r T characterizes the size of T , and � is a smalli i
positive number.

Appendix C: Lower-Bound Estimate
Ž .Using the expression for � d from Eq. B1, we can rewrite2

Ž .TSOP2 Eq. 31 as

f smin w 
 f d , z i , � 1i , � 2 j C1Ž . Ž .Ý Ý2 i j
id , z ig I jgQ1 1

max g d , z i , � 1i , � 2 F0, js1, . . . , m C2Ž . Ž .j
2� gT2

max � Ž2. d , � 1 F0. C3Ž . Ž .
1 1� gT

Transforming the constraint in Eq. C3 according to Eq. A1,
we can reduce Eq. C1 to

f smin w 
 f d , z i , � 1i , � 2 l C4Ž . Ž .Ý Ý2 i i
id , z lg I lg I2 2

max g d , z i , � 1i , � 2 F0 js1, . . . , m; ig IŽ .j 1
2 2� gT

C5Ž .

� Ž2. d , � 1, p F0 	� 1, pgT 1. C6Ž . Ž .

Let d�, z i� be the solution. We need additional definitions.
The approximation point � 1,i will be called active if at least
one constraint in Eq. C5 corresponding to the point is active.

1,i Ž � i� 1 i 2 .By this definition, � is active if: � j max g d , z , � ,�j
2 2� gT

s0. We will call the point � 1, p from Eq. C6 active if the
corresponding inequality in Eq. C6 is active. Thus for the

1, p Ž2.Ž � 1, p.active point � , we have � d , � s0.
Now we introduce for TSOP2 the concept of an active

points set SA. P

S sSŽ1. �SŽ2. . C7Ž .A. P A . P A . P

Here SŽ1. contains all the active approximation points andA. P
SŽ2. contains all the active points � 1, p from Eq. C6. ThusA. P

SŽ1. s � 1,i : � j, max g d� , z i� , � 1,i , � 2 s0, ig I ,Ž .A. P j 1½ 5
2 2� gT

SŽ2. s � 1, p : � Ž2. d� , � 1, p s0 .� 4Ž .A. P

Žk . � 1,r Žk .4Introduce the set S s � : rg I at the k th iteration of2 2
the SB method and the set I Žk . of indices of the points be-2
longing to SŽk .. We refer to these points as critical points.2
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Introduce the following problem.

f L,Žk .smin w 
 f d , z i , � l1, i , � 1,r C8Ž . Ž .Ý Ý2 i i
id , z ig I rgQ1 2

max g d , z , � 1,i , � 2 F0 js1, . . . , m; ig IŽ .j 1
2 2� gT

C9Ž .

� Ž2. d , � 1,l F0 	� 1,lgSŽk . . C10Ž . Ž .2

Ž2. Ž 1. Ž .Taking into account the form of � d,� see Eq. B1 and
using Theorem A1 and relation Eq. A3, we can transform the
problem in Eq. C8 to the form

f L,Žk .s min w 
 f d , z1,i , � 1,i , � 2 r C11Ž . Ž .Ý Ý2 i l
i rd , z , z ig I rgQ1 1

max g d , z1,i , � 1i , � 2 F0 js i , . . . , m , ig IŽ .j 1
2� gT2

C12Ž .

max g d , z1,r , � 1,r , � 2 F0, � 1,rgSŽk .Ž .j 2
2 2� gT

js1, . . . , m.

A rule of the selection of critical points for the problem is
considered in Appendix D. Consider properties of lower-
bound problem and TSOP2.

Property 1. The value f L,Žk . is a lower bound on the opti-2
mal value f of the objective function in TSOP2. Since SŽk .g2 2
T 1, the feasible region of Eq. C8 will be enclosed in the feasi-
ble region of Eq. C4. Therefore,

f L,Žk .F f . C13Ž .2 2

That is, f L,Žk . is a lower bound for TSOP2.2
Property 2. Let the set SŽ pq1. be obtained from SŽ p. by2 2

the addition of at least one point. Then

f L,Ž pq1.G f L,Ž p. if SŽ p.;SŽ pq1. . C14Ž .2 2 2 2

In fact, since SŽ p.;SŽ pq1., then the feasible region of Eq.2 2
C11 for ks pq1 will be less than the feasible region of the
problem for ks p. Thus Eq. C14 holds. Therefore, adding
points to the set of critical points improves the lower bound.

Property 3. If SŽk . covers T densely enough, then the lower2
L,Žk . Žbound f is close to the solution of TSOP2 the solution2

Ž .. Žk . 1of A34 . In fact, if S covers T densely enough then there2
1 1 l,i � 1 l,i �exists the condition 	� gT �� such that � y� F� ,

where � is small. It is clear that in this case the solution of
Eq. C1 will be close to that of Eq. C11.

� i� Ž .Property 4. The solution d , z of TSOP2 see Eq. C4 is
the solution of

f s min w 
 f d , z i , � l , i , � 2,r C15Ž . Ž .Ý Ý2 i i
idg D . z ig I rgQ1 1

max g d , z , � 1,i , � 2 s0 � 1,igSŽ1.Ž .j A. P
2 2� gT

� Ž2. d , � 1, p s0 � 1, pgSŽ2. .Ž . A. P

The property follows from Theorem A2.

Appendix D: Upper-Bound Problem and Its
Properties

Let the region T 1 be partitioned into N subregions T l,Žk .
k i

Ž .see Eq. B9 at the k th iteration of iterative procedure of the
SB method. Designate as T k the collection of the subregions

1,Žk . Ž .T is1, . . . , N . Introduce the problemi k

f U,Žk .smin w 
 f d , z i , � 1i , � 2 r D1Ž . Ž .Ý Ý2 i i
id , z ig I rgQ1 1

max g d , z i , � 1i , � 2 F0, js1, K , m , ig IŽ .j 1
2 2� gT

� U ,1 d F0, . . . , � U, Nk d F0, D2Ž . Ž . Ž .2 2

U, iŽ . U, iŽ .where � d is determined by Eq. B3. Using � d , Theo-2 2
rem A1, Eq. A1, and Eq. A3, we can transform Eq. D1
through Eq. D2 as

f U,Žk .s min w 
 f d , z i , � 1i , � 2 r D3Ž . Ž .Ý Ý2 i i
i ld , z , z ig I rgQ1 1

max g d , z i , � 1i , � 2 F0, js1, K , m , ig IŽ .j 1
2 2� gT

max g d , z l , � 1, � 2 F0, ls1, K , N ,Ž .j k
1 1� gTl
2 2� gT

js1, . . . , m. D4Ž .

Let dŽk ., z i,Žk ., z l,Žk . be the solution of the problem. Similar
to what we did for TSOP2, the active approximation point
� 1,i at the k th iteration is such that

� j max g dŽk . , z i ,Žk . , � 1i , � 2 s0.Ž .j
2 2t gT

Let � 1, p, � 2, p be the solution ofj

max g dŽk . , z p ,Žk . , � 1, � 2 .Ž .j
1 1 2 2� gT ,� gTp

Also, as in TSOP2, the points � 1, p, � 2, p are active at the k thj j
iteration if

g dŽk . , z p ,Žk . , � 1, p , � 2, p s0.Ž .j j j

Similar to the active points set S of the TSOP2 we intro-A. P
duce an active points set SŽk . at the k th iterationA. P

SŽk . sSŽk .1 �SŽk .2 , D5Ž .A. P A . P A . P

where

SŽk . ,1s � 1,i :� jg J max g dŽk . , z i ,Žk . , � 1,i , � 2 s0Ž .A. P j½ 5
2 2� gT

SŽk . ,2s � 1, p : g dŽk . , z p ,Žk . , � 1, p , � 2, p s0 .� 4Ž .A. P j j j

� 1 2 1 1 2 24Let T s � , � : � gT ; � gT . Introduce a critical pointl l
set Sl for each T :2 l

S l s � 1,l , s , � 2,l , s : � 1,l , s , � 2,l , s gT , sg I l ,Ž .� 42 l 2
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where I l is a set of indices of critical points in T , and the2 l
l 1, i i � 2,i,qcritical point set S corresponds to each point � , S s � :2 2

i4qg I .1
Consider some properties of the problem.
Property 1. The value f U,Žk . is an upper bound on the op-2

timal value of the objective function f in TSOP2. Since Eq.2
B10 is met, the feasible region of Eq. D1 is less than that of

Ž .TSOP2 see Eq. 31 . Consequently

f U,Žk .G f . D6Ž .2 2

Property 2. If the collection T Ž pq1. is obtained from T Ž p.

Ž p. Ž Ž pq1.by partitioning some subregions from T that is, 	Ti
�T Ž p., such that T Ž pq1.;T Ž p., thenj i j

f U,Ž pq1.F f U,Ž p. . D7Ž .2 2

Ž .From Eq. B7 , it follows that the feasible region of Eq. D1
for ks p is contained in the feasible region for ks pq1,
therefore Eq. D7 is valid. Thus, partitioning of the collection
T 1,Žk . improves the upper bound of TSOP2.

Property 3. The following holds

lim f U,Žk .s f . D8Ž .2 2
1,Žk .Ž .	 r T ™ 0i

Ž 1.From Eq. B11, Eq. D1 is reduced to Eq. C4 when r T ™0,i
Ž . 1is1, . . . , N . Therefore, if T is partitioned into smallk
enough subregions T 1,Žk ., then the solution of Eq. D1 is closei

Ž .enough to that of TSOP2 see Eq. 31 .
Property 4. If the sizes of all the subregions T 1,Žk . strive toi

zero, then the set SŽk . of active points strives to the set SA. P A. P
of active points of TSOP2.

According to Property 3 of the upper-bound problem, if the
size of each T 1,Žk . tends to zero, then Eq. D1 becomes TSOP2i
Ž . Žk .Eq. 31 . Therefore, the set S of active points of the col-A. P
lection T k tends to set S of active points of TSOP2. NowA. P
we consider a method for solving the semi-infinite program-
ming problem, Eq. D2. To solve the latter, we will use the

Ž .outer approximation algorithm Reemtsen and Gorner, 1998 .
We propose the following upper-bound algorithm.

Algorithm D1
Step 1. Set ps1. Give initial values of the variables d, z i,

z l; give the set S and initial sets1

Si , ig I and Sl ls1, . . . , NŽ . Ž .2 1 2 k

Step 2. Solve the problem

min w 
 f d , z i ,� 1,i ,� 2,r D9Ž . Ž .Ý Ýi r
i ld , z , z ig I rgQ2 1

g d , z i , � 1,i , � 2,i ,q F0 ig I , � 2,i ,qgSi ,Ž .j 1 2

js1, K , m D10Ž .

g d , z l , � 1,l , s , � 2,l , s F0, js1, K , mŽ .j

� 1,l , s , � 2,l , s gSl , lg1, K , N . D11Ž . Ž .2 k

i lLet the solution of the above system be z , z , d.
Step 3. For each point, � 1,i solve

1, i 1, i 2max g d , z , � , � . D12Ž .Ž .j
2� gT2

Ž .Step 4. For each subregion T ls1, . . . , N solvel k

l 1 2max g d , z , � , � . D13Ž .Ž .j
1 1� gT ,l
2 2� gT

2,i, j l, j 1, l, jŽDesignate as � the solution of Eq. D12 and � s � ,
2,l, j.� the solution of Eq. D13.
Step 5. Check the conditions

1,i 1, i 2, i , jg d , z , � , � F� , js1, K , m ,ig I D14Ž .Ž .j 1

l l , j ,g d , z , � F� , js1, K ,m , 1s1, K , N . D15Ž .Ž .j k

ŽIf Eqs. D14 and D15 are met that is, the solution has been
.found , go to Step 9.

Step 6. Construct the sets Rl and Ri:

l l , j l 1, l , s 2, l , sR s � : g d , z , � , � G�Ž .½ 5j

i 2, i , j i 1, i 2, i , jR s � : g d , z � , � G� ,Ž .½ 5j

where Rl and Ri contain all the points in which Eqs. D14
and D15 are violated.

Step 7. Create the new sets of critical points:

Sl s Sl � Rl , Si s Si � Ri .� 4 � 42 2 2 2

Step 8. Set ps pq1 and go to Step 2.
Step 9. Construct the set SŽk . and stop.A. P
Let us now consider a rule of selection of critical points for

Ž . Žk .lower-bound estimation. We showed that: a the set S ofA. P
active points at the k th iteration tends to the set of active
points S of TSOP2 if the size of each subregion tends toA. P

Ž . Ž .zero Property 4 of the upper-bound problem , and b only
the set S of active points determines the solution of TSOP2A. P
Ž . Ž .Property 4, Appendix C see Eq. C15 . Therefore, since the
proposed algorithm is based on a partition of T , it is reason-1
able to select SŽk . as the set of critical points for the lower-A. P
bound estimation in Eq. C8.

Appendix E
Here we give justification for using the suggested partition-

ing strategy. A partition of an active constraint deletes the
constraint from the set of constraints corresponding to the

Ž . Žk-iteration. However, we showed see Theorem A3 that with
.the exception of unusual cases deletion of the active con-

straint improves the optimal value of the objective function.
On the other hand, partitioning of T Žk . corresponding to in-i
active constraints in Eq. D2 certainly does not improve the
upper bound f U,Žk ..2
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To prove the previous statement, suppose for a set T Žk . of
Žk . w Žk . i,Žk . U,Žk .xsubregions T we obtain the solution d , z , f toi 2

Eq. D1. For illustration, suppose also that only one of the
constraints in Eq. D2 corresponding to the lth subregion is
inactive, which means that for the solution dŽk ., the following
condition holds:

� U,1 dŽk . s0, . . . , f U , ly1 dŽk . s0,� U, l dŽk .Ž . Ž . Ž .2 2 2

�0,� U ,1q1 dŽk . s0, . . . , � U, Nk dŽk . s0.Ž . Ž .2 2

w Žk . i,Žk . xIt follows from Theorem A2 that d , z is the solution
of Eq. D1 for which the constraints in Eq. D2 are replaced by

U,1Ž . U, ly1Ž . U,1q1Ž .the constraints � d s0, . . . , � d s0, � d s0,2 2 2
U, NkŽ .. . . , � d s0. Now, suppose we partition the lth subre-2

gion into two subregions p and q. At the kq1-st iteration,
we must solve Eq. D1, in which the constraints in Eq. D2
take the form

� U,1 d F0, . . . , � U , ly1 d F0, � U, p d F0,Ž . Ž . Ž .2 2 2

� U,q d F0, � U,1q1 d F0, . . . , � U, Nk d F0.Ž . Ž . Ž .2 2 2

Since T ;T and T ;T , thenp l q l

� U, l d G� U, p d � U ,1 d G� U,q d .Ž . Ž . Ž . Ž .2 2 2 2

Consequently, the constraints corresponding to the pth and
qth subregions will be inactive again. Therefore, it is clear

w Žk . i,Žk . xthat d , z will also be a solution to this new problem,
and we obtain f U,Žkq1.s f U,Žk .. Thus partitioning the subre-2 2
gions having inactive constraints has no effect.

Appendix F: Convergence of the SB Method
Now we will show that Algorithm 2 always converges. Since

the algorithm partitions only subregions with indices in QŽk .,
Ž . Ž .Žthen for sufficiently small � see Eq. 37 the values of r T ii

Žk .. �gQ will be sufficiently small. Let k be the index of the
last iteration in Algorithm 2 and d�, z i� , z l� be the values of
the variables d, z i, z l at the last iteration. Also, let Q� be a�

limit set for QŽk .. Since QŽk . is a set of indices of active con-
w � i� xstraints in Eq. D1, d , z is the solution of the problem

Ž .Theorem A2

f U,Žk .s min w 
 f d , z i , � 1i , � 1rŽ .Ý Ý2 i i
dg D , z ig I jg I1 i

max g d , z i , � 1i , � 2 r F0 ig I , js1, . . . , mŽ .j 1
2 2� gT

F1Ž .

� U, i d s0, 	 igQŽk . .Ž .2

Here

� U , i d� �0, 	 i�QŽk . . F2Ž . Ž .2

From here f U,Žk� . from Eq. D1 is the solution of Eq. F2 for2
ksk� and QŽk .sQ�. Earlier we showed that when the size
of all subregions is small enough, then the solution of upper-
bound problem Eq. D1 is close to the solution of TSOP2.
However, Algorithm 1 partitions only those subregions that
have at least one active constraint in Eq. D2. Nevertheless,
Algorithm 1 will always converge to the solution of TSOP2.
To prove this, note that Algorithm 1 partitions all active sub-
regions whenever Eq. 37 is violated. Subsequently from Algo-
rithm 1 for some ksk� either Eq. 37 is met, or in Eq. D1

Žk . Ž �.each T igQ is small enough. If Eq. 37 is met, then ouri
claim is correct. Consider the last scenario. For a small
enough T Žk . Eq. B12 holds. Substituting the expressions ofi

U, iŽ .� d from Eq. B12 into Eq. F1 we obtain2

f U,Žk .s min w 
 f d , z i , � 1i , � 1rŽ .Ý Ý2 i i
dg D , z ig I jg I1 i

max g d , z i , � 1i , � 2 F0, ig I , js1, . . . , mŽ . 1
2 2� gT

F3Ž .

� Ž2. d , � 1, s s0 	sgQŽk . .Ž .

U, iŽ �. Ž2. Ž 1, j.It follows from Eq. B6 that if � d �0, then � d, �2
�0 for 	� 1, jgT 1. Consequently, it follows from Eq. F2:i

Ž2.Ž 1 j. 1, j 1 �� d, � �0, � �T , igQ . Thus, according to Theo-i �

w � i� xrem A2, d , z is the solution of

f U ,Žk .s min w 
 f d , z i , � 1i , � 2 rŽ .Ý Ý2 i i
dg D , z ig I rg I1 i

max g d , z i , � 1, � 2 F0 ig IŽ . 1
2� gT

� Ž2. d , � i s0 	 igQ�Ž . �

� Ž2. d , � j �0 	� j�T 1, igQ� .Ž . i �

However, the problem coincides with TSOP2 in the form Eq.
C4. Consequently, d�, z i� is the solution of TSOP2.
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